Encouraged by the observation of the pentaquark states P + c (4380) and P + c (4450), we propose a novel color flux-tube structure, pentagonal state, for pentaquark states within the framework of color flux-tube mode involving a five-body confinement potential. Numerical results on the heavy pentaquark states indicate that the states with three color flux-tube structures, diquark, octet and pentagonal structures, have the close masses, which can therefore be called QCD isomers analogous to isomers in Chemistry. The pentagonal structure has lowest energy. The state P + c (4380) can be described as the compact pentaquark state uudcc with the pentagonal structure and J P = 
I. INTRODUCTION
In the constituent quark models, conventional hadrons, baryons and mesons, are assumed to be composed of three valence quarksand a valence quark q and a valence antiquarkq, respectively. Quantum chromodynamics (QCD) does not deny the existence of exotic hadrons besides the qq-meson and-baryon paradigm. Searching for exotic hadrons has been one of the most significant research topics of hadronic physics since the pioneer work by Gell-Mann [1] , in which mesons and baryons can also be, respectively, tetraquark and pentaquark states if the excitation of a sea quark pairis taken into account. Exotic hadrons, if they really exist, may contain more information about the low-energy QCD than that of conventional hadrons. In recent years, a number of experiments have been witnessing the proliferation of the member of exotic hadron family. The charged tetraquark states Z b [2] and Z c [3] , dibaryon resonance state d * [4] , tetraquark state X(5568) [5] and charmoniumpentaquark states P + c (4380) and P + c (4450) [6] have been giving us a stimulating glance into the abundant multiquark hadronic world and providing an excellent opportunity to explore the fundamental freedom playing an essential role in the multiquark hadron states and hadronhadron interaction.
The hidden charmed states P + c (4380) and P + c (4450) were recently reported by LHCb Collaboration in the J/ψp invariant mass spectrum in the Λ 0 b → J/ψK − p process [6] . Their masses and decay widths from a fit * crdeng@cqjtu.edu.cn † jlping@njnu.edu.cn, corresponding author ‡ hxhuang@njnu.edu.cn § fgwang@chenwang.nju.edu.cn The J/ψp decay modes of the two P + c states suggest that, regardless of their internal dynamics, they must have minimum intrinsic quark content uudcc with isospin I = 1 2 . However, their total angular momentum and parity J P cannot be completely determined up till now, which may be ( . A large amount of interpretations in different theoretical frameworks have therefore been proposed to reveal the underlying structures of these two pentaquark states so far, such as meson-baryon molecule states [7] , diquarkdiquark-antiquark states [8] , compact and loose diquarktriquark states [9] , kinematic effects [10] , nucleon-ψ(2S) bound state [11] , proton-χ c1 state [12] , etc. What is the eventually true physical picture of these two pentaquark states? Further experimental and theoretical work are therefore needed to clear the current complicated situation. In addition, the large mass of the pentaquark states P + c (4380) and P + c (4450) mainly comes from the large masses of the heavy charm quark and antiquark cc. Consequently, a natural question is that what could be the analogous heavy pentaquark states, such as uudcb, uudbc and uudbb.
QCD has been widely accepted as the fundamental theory to describe the interactions among quarks and gluons and the structure of hadrons, in which color confinement is a long distance behavior whose understanding continues to be a challenge in the theoretical physics. It is well known that color flux-tube-like structures emerge by analyzing the chromo-electric fields between static quarks in lattice numerical simulations [13] . Such color flux-tube structures naturally lead to a linear confinement potential between static color charges and to a direct numeri-cal evidence of color confinement [14] . A color flux-tube starts from each quark and ends at an antiquark or a Y-shaped junction, where three flux tubes are either annihilated or created [15] . The color flux-tube structures for mesons and baryons are seem to be unique and simple. A quark and an antiquark in mesons are connected through a color flux tube. Three quarks in baryons are connected by a Y-shaped color flux-tube into a color singlet. In general, a multiquark state with N + 1 particles can be generated by replacing a quark or an antiquark in an N -particle state by a Y-shaped junction and two antiquarks or two quarks. In this way, any multiquark state must possesses a large number of different topological structures of internal color flux-tube configurations.
It is a well-known fact that the nuclear force in the QCD world and the molecule force in the quantum electrodynamics (QED) world are very similar except for the length and energy scale difference. Furthermore, the color flux tubes in a hadrons should also be very analogous to the chemical bond in a molecule. Like the organic world full of variety because of the chemical bonds, i.e. isomers, the multiquark hadron world may be equally or even more diverse due to the color flux-tube structure, which can be similarly called QCD isomeric compounds here. Theoretically, QCD is more complicated than QED so that it is natural to expect that the structures of QCD matters are abundant, even more various than that of QED matters.
In the previous work, we advanced possible color fluxtube structures, so-called QCD quark cyclobutadiene and QCD benzene, for tetra-quark and six-quark states respectively within the framework of color flux-tube model basing on the lattice QCD (LQCD) picture and traditional quark models [16, 17] . In the paper, we propose and study a novel color flux-tube structure, called pentagonal state, for the heavy pentaquark states to attempt to enrich the knowledge of inner structures of multiquark states. In addition, the heavy pentaquark states are also systematically investigated in the color flux-tube model, which may be useful for exploring exotic baryons in future experiments. This paper is organized as follows: four possible color flux-tube structures for the heavy pentaquark states and the hamiltonian in the color flux-tube model are given in Sec. II. The numerical calculations and discussions on the heavy petaquark states are presented in Sec. III. A brief summary is given in the last section. ) were discussed in this picture due to their proximity to baryon-meson thresholds within different theoretical framework [7] . The color flux-tube structures (2), (3) and (4) 1 , which interacts through the color force due to gluon exchange or flavor-dependent force due to meson exchange. The pioneer application of the diquark model applied to explain the structure of the pentaquark Θ + were done by Jaffe and Wilczek [18] . The last structure is the so-called pentagonal state, which can be generated by means of exciting two Y-shape junctions and a color flux-tube between c and q 1 orc and q 1 from the vacuum based on the second or third strucutre, respectively. One can suppose that the recombination of color flux-tubes is faster than the motion of the quarks because the quarks in the constituent quark model are massive. Subsequently, the ends of five compound flux-tubes can meet each other in turn to establish a closed color flux-tube structure, a pentagon-y 1 y 3 y 2 y 4 y 5 . According to overall color singlet and SU (3) color coupling rule, the color flux-tube y 2 y 3 is 8 dimension and others are 3 or3 dimension. It is worth mentioning that the counterpart of the pentagonal state in the QED world, the hydrocarbon C 5 H 5 (or generally speaking C 2n+1 H 2n+1 , n ∈ N ), does not seem to exist.
The interactions among quarks is one of the significant quantities for the study of the multiquark system in quark models. LQCD investigations on mesons, baryons, tetraquark and pentaquark states reveal Y-shaped flux-tube structures [19] , which works as a collective degree of freedom connecting all particles to form an overall color singlet hadron. The interactions obey the Coulomb potential plus Y-type linear confinement potential proportional to the minimum of the sum of the lengthen of all color flux-tubes [19] . A multiquark color flux-tube model has been developed based on the LQCD picture involving a multi-body confinement potential with a harmonic interaction approximation, i.e., a sum of the square of the length of flux-tubes rather than a linear one is assumed to simplify the calculation [17, 20] . The approximation is justified with the following two reasons: one is that the spatial variations in separation of the quarks (lengths of the flux tube in different hadrons do not differ significantly, so the difference between the two functional forms is small and can be absorbed in the adjustable parameter, the stiffness of color flux-tubes. The other is that we are using a nonrelativistic dynamics in the study. As was shown long ago [21] , an interaction energy that varies linearly with separation between fermions in a relativistic first order differential dynamics has a wide region in which a harmonic approximation is valid for the second order (Feynman-Gell-Mann) reduction of the equations of motion. The comparative studies also indicated that the difference between the quadratic confinement potential and the linear one is very small [17, 20] .
Within the picture of color flux-tubes, the quadratic confinement potential is believed to be flavor independent [22] [23] [24] . According to the color flux-tube structures of mesons and baryons in FIG. 1 (1) , the confinement potential of mesons and baryons in the color flux-tube model can be written as,
K is the stiffness of the three-dimension color flux-tube. The minimum of the confinement potential of baryons can be obtained by taking the variation of the confinement potential with respect to y 1 and has therefore the following form,
The confinement potential V 
The relative stiffness parameter κ 8 of the color 8 dimension flux-tube is κ 8 =
C8
C3 [25] , where C 8 and C 3 are the eigenvalues of the Casimir operator associated with the SU (3) color representation on either end of the color flux tube, namely C 3 = 4 3 and C 8 = 3. The confinement potential V C i (5) can be simplified into the sum of five independent harmonic oscillators by taking the variation with respect to y i and then diagonalizing the matrix of the confinement potential. Finally, the confinement potential can be expressed as
For the sake of simplicity, the eigenvalue k ij can be written in the form 
R ij is an eigenvector corresponding to the eigenvalue k ij . A vector R i for the i-th color flux-tube structure in FIG. 1 can be constructed as
T and R i = M i r, the vector r = (r 1 r 2 r 3 r 4 r 5 ) T . The i-th transformation matrix M i has the following forms, One-gluon-exchange interaction (coulomb interaction plus color-magnetic interaction) is very important because of the responsibility for the mass splitting in the hadron spectra, it takes the standard form and can be read as [26] 
where m i is the mass of the i-th quark (antiquark), the symbols λ and σ are the color SU(3) Gell-man and spin SU (2) Pauli matrices, respectively. The running strong coupling constant α s takes the following form
The function δ(r ij ) should be regularized; the regularization is justified based on the finite size of the constituent quark and should, therefore, be flavor dependent [27] ,
where µ ij is the reduced mass of two interacting particles q i (orq i ) and q j (orq j ), r 0 (µ ij ) = r 0 /µ ij . To sum up, the color flux-tube model Hamiltonian H n for mesons, baryons and pentaquark states can be universely expressed as,
T c is the center-of-mass kinetic energy of the state, p i is the momentum of the i-th quark (antiquark), respectively. The tensor and spin-orbit forces between quarks are omitted in the present calculation because, for the lowest energy states which we are interested in here, their contributions are small or zero.
III. NUMERICAL CALCULATIONS AND DISCUSSIONS
The stiffness K of the three-dimension color flux tube is considered as a fixed parameter and taken to be 700 MeV fm −2 . The seven adjustable model parameters, m u , m s , m c , m b , Λ 0 , r 0 , α 0 , and their errors can be fixed by fitting the mass spectra of ground states of heavy mesons and baryons using Minuit program, which are presented in Table I and Table II , respectively. The mass spectra can be obtained by solving the two-body and three-body Schrödinger equation
with Rayleigh-Ritz variational principle, where n = 2 and 3, the details of the construction of the wave functions of baryons and mesons can be found in the papers [22, 23] .
The mass errors of heavy mesons and baryons ∆E n introduced by the parameter uncertainty ∆x i can be calculated by the formula of error propagation,
where x i and ∆x i represent the i-th adjustable parameter and it's error, respectively, which are listed in Table II . excitation is permitted, which induces the lower relative kinetic energy between the two subclusters because of the bigger reduced mass. Therefore, the parity of the pentaquark states uudcc is (−1)
L+1 . In this way, the wave function of the pentaquark states uudcc with quantum numbers IJ P can be expressed as,
The intermediate quantum numbers c i , s i and i i stand for the color, spin and isospin, respectively, the subscript i = 1, 2 and 3. The details of the wave functions ψ ci,si,ii are omitted here. All [ ]'s represents all possible ClebschGordan (C-G) coupling. The c z is a C-G coefficient, z = {c 1 , s 1 , i 1 , c 2 , s 2 , i 2 , c 3 , s 3 , i 3 , I, S, J}. The ψ G LM is the total spatial wave function of the pentaquark states, in which the part of the identical particles uud are assumed to be symmetrical because we are interested in the low energy states here. In this way, the color-spin-isospin wave functions of the three identical quarks uud should be antisymmetrical due to Pauli principle, anti-symmetrized operator A uud = 1 − P 14 − P 24 , which only operates on color, spin and isospin parts of the wave function because the orbital part is symmetrical.
In order to obtain the symmetrical spatial wave functions of three identical quarks uud, we can define a set of cyclic Jacobi coordinates r ij , R k , T ij and Q ijk for the cyclic permutations of (i, j, k) = (1, 2, 4),
In this way, the total orbital wave function ψ G LM can be expressed as
The Gaussian expansion method (GEM) has been proven to be rather powerful in solving a few-body problem [28] , in which the relative motion wave function φ G lm (x) can be expanded as the superposition of many single Gaussian functions with different size ν k
The expansion coefficient c k can be determined by the dynamics of the pentaquark system. The other details of the wavefunction φ G lm (x) can be found in the paper [28] . The color flux-tube structure specifies how the colors of quarks and antiquarks are coupled to form an overall color singlet. Similarly, the color wave functions of the baryon-meson molecules and color octet states can be constructed in the model study. It is, however, difficult to construct the color wave function of the novel color flux-tube structure, pentagonal state, only using quark degrees of freedom if no explicit gluon is introduced in the quark models. In fact, it is difficult to introduce an explicit gluon degree of freedom in the nonrelativistic quark models because of the zero mass of gluons. Furthermore, the predictive power of quark models will be reduced due to the increase of model parameters even if the constituent gluons can be introduced. The wave function of the pentagonal structure is therefore assumed to be the same as that of the diquark-diquark-antiquark structure to estimate the energy of the pentaquark states with pentagonal structure in the present work. Subsequently, the color flux-tube model with the model parameters listed in the Table II is extended to study the properties of the heavy pentaquark states. The converged numerical results E 5 's can be obtained by solving a five-body Schrödinger equation
with Rayleigh-Ritz variational principle under the conditions of k max = 5, r 1 = 0.3 fm and r kmax = 2.0 fm. The error ∆E 5 can be calculated as ∆E 2 and ∆E 3 .
The energies E 5 ± ∆E 5 of the ground states of the heavy pentaquark states uudcc, uudcb, uudbc and uudbb with three different color flux-tube structures, diquarkdiquark-antiquark (Diquark), color octet state (Octet) and pentagonal state (Pentagon), under the assumptions of total spin S = − because of L = 0. It can be seen from Table III that the energy errors ∆E 5 are very small, just several MeVs. The bigger the angular momentum J, the higher the energy E 5 of the pentaquark states with the same quark content. The energies of the pentaquark states with the same flavor and quantum numbers but three different color flux-tube structure are close, the difference among them mainly comes from the contribution of one-gluon-exchange interaction. The previous investigation on the six-quark state indicated that the energy difference among different color flux-tube structures is very small if one-gluonexchange interaction is not involved [17] . These different color flux-tube structures with the same flavor can there-fore be called QCD isomers analogous to the isomers in QED world, which have different chemical bond structure but same atom constituent. The energy of the pentaquark states with a ring-like color flux-tube structure is lower than that of the state with chain-like structures in the color flux-tube model with quadratic confinement potential because the ring-like structure is easier to shrink into a compact multiquark state than chain-like structures. In this way, the energy of the pentaquark with the pentagonal structure is lower than that of the diquark structure. However, the energy of color octet state is higher than the diquark structure mainly because of a repulsive one-gluon-exchange interaction in the two colored octet sub-clusters. In addition, it is worth mentioning that baryon-meson molecule configuration can not be formed in the color flux-tube model because there does not exist binding mechanism except one-gluon-exchange interaction, which is not enough to bind a baryon and a meson into a loose hadron molecule state.
The energy of the state uudcc with the pentagonal structure and
− is 4369 ± 5 MeV in the color fluxtube model, see Table III , which is highly consistent with experimental data of the state P − , which is supported by a large number of theoretical studies [7] [8] [9] . The energy of the state uudcc with the pentagonal structure and
− is 4516 ± 4 MeV in the color flux-tube model, which is a litter higher than that of the state P + c (4450) and, however, agrees with the conclusions in several researches [29] [30] [31] . The energies of the states uudcc with positive parity (L = 1) and total spin S = [3] ), which are much higher than the energies of the two P c states and close to the prediction on the states in the work [30] . Therefore, these positive parity states should not be the main component of the two P + c states in the color flux-tube model. In this way, the optimum assignment of the main component of the state P + c (4450) from the mass seems to be the state uudcc with J P =
2
− in the color fluxtube model. However, the negative parity is contradictive with the assignment of the opposite parity of the two P The expected lowest energy of the state uudcc with the pentagonal structure and
− is 4303 ± 5 MeV in the color flux-tube model, which is close to the prediction on the state in the work [30] . The energies of the hidden beauty pentaqquark states uudbb with different quantum numbers and structures are similarly estimated in the color flux-tube model, which are lower than those of the states in the researches [31, 32] . The energies of the states uudbb in the color flux-tube model should be underestimated mainly because of the strong Coulomb attractive interaction due to the small distance among heavy quarks, the details can be found in our previous work [22] . In addition, the pentaquark states uudcb and uudbc are also predicted in the color flux-tube model. The pentaquark states uudcb and uudbc with J P =
− almost share the same energies. For
− , the energies of the states uudcb is a little higher than those of the states uudbc.
The main component analysis of the two P + c states is only based on the mass calculation. The crucial test of the main components should be determined by the systematic study of their decays, which involves a channel coupling calculation containing all possible color fluxtube structures and is left for the further research in the future. The five-body color flux-tube is a collective degree of freedom, which acts as a dynamical mechanism and plays an important role in the formation and decay of those compact pentaquark states. Different topological structures of color flux tubes induce the diversity of inner color configurations in the pentaquark states. In general, the pentaquark states should be the mixtures of all possible color flux-tube structures, especially within the range of confinement (about 1 fm). These different structures can transform one another, which can be understood here that the gluon field readjusts immediately to its minimal configuration. In this way, the flip-flop of color flux-tube structures may induce a color structure resonance, which can be called a color confined, multiquark resonance state [33] .
IV. SUMMARY
Within the framework of the color flux-tube model including a five-body confinement potential, a novel color flux-tube structure, pentagonal structure, for pentaquark states is presented because of the observation of the two P + c states. The pentagonal structure provide a new insight into the inner structure of the pentaquark states. Numerical calculations on the heavy pentaquark states indicate that three color flux-tube structures, diquark, octet and pentagonal states, have the close masses. The pentagonal structure has lowest energy because the ringlike structure is easier to shrink into a compact multiquark state than chain-like structure. These different color flux-tube structures with the same flavor can be called QCD isomers analogous to QED isomers. The five-body confinement potential basing on the color fluxtube as a collective degree of freedom plays an important role in the formation of those compact heavy pentaquark states.
The main component of the state P + c (4380) can be described as a compact pentaquark state uudcc with the pentagonal structure and J P = 
